Motivation: Gene expression levels exhibit stochastic variations among genetically identical organisms under the same environmental conditions. In many recent transcriptome analyses based on RNA sequencing (RNA-seq), variations in gene expression levels among replicates were assumed to follow a negative binomial distribution although the physiological basis of this assumption remain unclear.
distribution profiles of gene expression noise (phenotype fluctuation) among individuals in a homogeneous population. We fitted the distribution profiles with a novel distribution function that we termed the Gauss-power (G-P) mixing distribution, which was derived from a simple stochastic transcriptional network model containing a feedback loop. The expression of genes showing a long-tail distribution was strongly influenced by a feedback mechanism; moreover, variations in gene expression levels were correlated with average expression levels and gene function.
Results

Analysis of Arabidopsis RNA-seq data
RNA-seq data from 7-and 22-day-old Arabidopsis shoots cultured under a 12:12-h light/dark cycle were obtained 1, 7, 13, and 19 h after the lights were turned on. There were 21 to 27 replicates for each condition. In total, 189 individual plants were analyzed by RNA-seq. We obtained 8.4 million reads on average; 1 sample with fewer than 1 million reads mapped to genes was omitted from subsequent analyses. The expression level of each gene was defined as the number of reads mapped to each gene per 1 million reads (Table S1) . For each condition, we examined the distribution profiles of expression levels of ~10,000 genes (Table   1) whose expression levels could be regarded as stationary (see Materials and Methods). (Fig. 1) . For most genes, the REDs showed typical profiles but were very noisy.
However, it is expected that groups of genes whose expression is similarly regulated would have similar RED profiles. We performed a cluster analysis to extract the essential properties of the RED profiles for each gene (see Materials and Methods).
For each condition, 12-15 clusters were obtained from normalized RED profiles (Tables S2 and S3 ), representing the relationship between standardized expression levels for mean = 0 and standard deviation = 1 and rescaled rank from 0 to 1. The average values of standardized expression levels of genes belonging to the same cluster were expected to reflect the essential features of their RED profiles ( Fig. 1) . for genes belonging to specific clusters.
Inferences on probability density distribution profiles of gene expression levels
Since gene expression levels are non-negative, we analyzed normalized RED functions that were shifted such that the minimum value on the vertical axis was assumed to be 0 (referred to as shifted normalized RED function) instead of the previous normalized RED functions.
The value of the vertical axis of this function represented the rescaled expression level. The inverse function of the shifted normalized RED function provided the probability distribution of rescaled expression levels (Fig. 2) , whose derivative yielded the profiles of probability density distribution function of rescaled expression levels (PDL) for each cluster (Figs. 2 and S1-S8). The derivative of this function was estimated by differential approximation (see supplementary information S1). PDL profiles obtained from the clusters showed variable shape, including Gaussian and power law-like distributions.
Figure 2. Examples of probability distributions and PDL profiles for indicated clusters.
Examples of profiles of probability distribution of rescaled expression levels (left) and of PDL profiles (right) for three clusters. Red and blue represent curves fitted with the G-P and NB distribution functions, respectively. Least square error was estimated for the fitting curves.
G-P mixing distribution
The distribution profiles of gene expression levels were systematically classified based on the following mathematical model. A novel distribution function, which we refer to as G-P distribution, is described by equation 1.
This equation is a fitting function of the distribution function of expression level x of the gene of interest X; the parameter A is a normalized coefficient; and f, g, and K are constants whose physiological significance is described below.
In general, gene expression levels are increased by activation and decreased by inhibition of upstream genes in a gene regulatory network. Furthermore, temporal changes in gene expression levels are directly or indirectly influenced by genes themselves, since the gene regulatory network includes many positive and negative feedback loops that are activated in a stochastic manner based on fluctuations in gene expression. Thus, a simplified model of the temporal change in the expression level x of gene X influenced by upstream genes and feedback regulation (Fig. 3) is given by equation 2:
where ( ) and ( ) are assumed to be Gaussian white noise with ( ) = ( ) = 0, Figure 3 . Illustration of a gene network model that fits a G-P distribution function. Gene X is regulated by upstream genes and by stochastic feedback.
Fitting of PDL profiles with the G-P mixing distribution
PDL profiles of each cluster under each condition were fitted with the G-P mixing distribution and (generalized) NB distribution according to equation 3:
where Γ is the gamma function and B, s, k, and Q are fitting parameters. Note that the parameter s-which is usually equal to 1-contributes to the generalization for various scales of x.
The characteristics of PDL profiles for some clusters can be extracted from plots with a linear scale axis; however, it is more difficult to extract those of profiles with much larger maximum values and exhibit power law-like profiles, for which log-log plots seem more suitable when the maximum PDL value is greater than 3. In order to extract their detailed characteristics, PDL profiles were fitted using a typical least squares method for maximum PDL values < 3; PDL fitting parameters were chosen so as to minimize the sum of squared errors between log[PDL] and log[fitting functions] when the maximum PDL value was > 3.
The results suggest that the G-P distribution has a least square error that is equal to or smaller than that of the NB distribution for PDL profiles of most clusters ( Fig. 2 and Table S3 ).
Therefore, in subsequent analyses the PDL profiles were classified according to a G-P distribution.
Classification of PDL profiles
When PDL profiles of each cluster were fitted to the G-P distribution function, some had K = 0, indicating that they were Gaussian, while others had K >> g, indicating that they were closer to a power law distribution. PDL profiles were classified as one of three types: (Table S3) . Here, f >> g was also obtained when K >> g, indicating that when the influence of feedback effects are large relative to the other mechanisms regulating gene expression, gene expression levels exhibit a long-tailed power law-like distribution.
Even for the same gene, PDL profiles varied depending on plant age and harvest time (Table S2 ). The ratio of occurrence of Gaussian, mixed, and power law-like distributions at four time points in younger plants (7 days old) was ~ 3:3:4, while that of older plants (22 days old) was ~45:29:26. High average expression levels were more frequently associated with a Gaussian as compared to a power law-like distribution; average expression levels and peak value of the frequency distribution were higher for the former than for the latter (Fig. 4) .
Gene function was also correlated with PDL profiles (Tables 2 and S4 expression levels between Gaussian and mixed, and between mixed and power law-like distributions were significant (P < 0.01, t test) at both plant ages. Gene expression level was regarded as stationary (unbiased) if the P value in the t test was > 0.2.
Cluster analysis
k-Means cluster analysis using R software (http://www.r-project.org) was performed for normalized RED profiles. The number of clusters was selected so as to minimize the Bayesian information criterion.
Data sources for gene classification
To classify each gene, the Gene Ontology Slim classification list was obtained from TAIR (http://www.arabidopsis.org). Data on essential genes were obtained from the SeedGenes Project (http://www.seedgenes.org/GeneList) (Meinke et al., 2008) .
